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Abstract 

We introduce the elliptic superalgebra Uq,p{sl{AI\N)) as one parameter deformation of 
the quantum superalgebra Uq{sl{M\N)). For an arbitrary level k ^ 1 we give the bosoniza- 
tion of the elliptic superalgebra Uq^p{sl{l\2)) and the screening currents that commute with 
Uq^p{sl{l\2)) modulo total difference. 



1 Introduction 

Infinite dimensional symmetry has been an impressive success in conformal field theory (CFT) 
[1] . Solvable lattice model is an off-critical extension of CFT and infinite dimensional symmetry 
plays an important role in algebraic analysis of solvable lattice model [2]. The lattice counter- 
part of minimal unitary CFT is Andrews-Baxter- Forrester (ABF) model [3], whose Boltzmann 
weights are elliptic solutions of the Yang-Baxter equation (YBE) of the face-type. Among the 
solvable models based on YBE, those related to elliptic solutions occupy a fundamental place. 
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Elliptic algebras are certain algebraic structures introduced to investigate these elliptic mod- 
els. In study of fe-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra 
Uq^p{sl(2)) and constructed bosonization of the vertex operator by using this algebra. Jimbo- 
Konno-Odake-Shiraishi [5] constructed the elliptic algebra Uq^p{g) by dressing the usual Drinfeld 
currents [20] of the quantum group Uq{g) for non-twisted affine Lie algebra g. In this paper we 
introduce the elliptic deformed superalgebra Uq^p{sl{M\N)) as one parameter deformation of 
the quantum superalgebra Uq{sl{M\N)). We give the bosonization of the elliptic superalgebra 
Uq^p{sl{l\2)) and Uq^p{sl{2\l)) for generic level k, and give the screening currents that commute 
with Uq^p{sl{l\2)) and Uq^p{sl{2\l)) modulo total difference. 

In this paper we aim to contribute mathematical tools for the study of super sl{M\N)- 
family of the ABF model [19]. Mathematical tools are the elliptic algebra Uq^p{sl{M\N)) and 
bosonizations. We give comments on s/(A^)-family of the ABF model, where such mathematical 
tools have been used previously in analogous, but simpler case. Andrews-Baxter-Forrester [3] 
introduced the ABF model, that gives an extension of the hard hexagon model, and derived 
local height probabilities by Baxter's corner transfer matrix method (CTM) [6]. The fc-fusion 
and higher-rank generalization, that we call s/(A^)-family of the ABF model, have been studied 
in [7, 8, 10, 11]. Inspired by the vertex operator approach to the 6-vcrtcx model [2, 12, 13, 14], 
that originated from CTM, Lukyanov-Pugai [15] studied the vertex operator approach to the 
ABF model, and derived integral representations of multi-point local height probabilities. In 
study of /c-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra Uq^p{sl{2)) 
and constructed bosonization of the vertex operator by using this algebra. The vertex operator 
approach to the higher-rank generalization of the ABF model have been studied in [16, 17, 18]. 
In the vertex operator approach to sZ(A/")-family of the ABF model, bosonization of the vertex 
operator played important role. In construction of the vertex operator, the current of the 
elliptic algebra Uq^p{sl{N)) and its bosonization played important roles. In order to derive 
integral representation of multi-point local height probabilities of super sZ(M |A'')-family of the 
ABF model, we have to construct bosonizations of the vertex operators by using the current 
of the elliptic algebra Uq^p{sl{M\N)), and understand the structure of the space of state of the 
model by CTM [6], that has been open problem for superalgebra sl{M\N). 

Next we give comments on pure mathematical aspects. Through an attempt to understand 
solvable models based on elliptic solutions of YBE, various versions of elliptic algebras have 
been introduced [4, 5, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. It is important to understand 
not only themselves but also relations between them. Here we summarize some basic facts on 
the elliptic quantum group Bq^\{g) and the elliptic algebra Uq^p(g). The elliptic quantum group 
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I3q,\{g), was introduced by twisting the standard quantum group Uq{g) [25, 26, 27, 28, 29], 
where g is the symmetrizable Kac- Moody algebra. The eUiptic quantum group Bq^\{g) has 
quasi-Hopf structure and the eUiptic algebra Uq^p{sl{2)) has H-Ropi algebroid structure [31, 32]. 
The realizations of the L-operators of the elliptic quantum group Bq^\{g) were constructed in 
[5, 21, 22] by using the currents of the elliptic algebra Uq^p{g) for g = sl{N), ^2^^. This suggests 
that the currents of Uq^p{g) give the Drinfeld currents [20] of the elliptic quantum group Bq^x{g). 
The construction of the elliptic quantum group Bq^x{g) has been extended to the superalgebra 
g = 'sl{M\N) [30]. In this paper we introduce the elliptic algebra Uq^p{sl{M\N)). We conjecture 
that the L-operator of Bq^\{sl{M\N)) is constructed by using the currents of Uq^p{sl{M\N)) 
and that there exists iJ-Hopf algebroid structure for Uq^p{sl{M\N)). The bosonizations of the 
vertex operators give useful information for construction of the L-operator, thorough so-called 
Miki's construction [33] of the L-operator. The above is background mathematical theory of the 
vertex operator. Next we give a comment on mathematical phenomenon of the space of state. 
Date-Jimbo-Kuniba-Miwa-Okado [8, 9, 10, 11] found that local height probabilities of sl{N)- 
family of the ABF model were expressed in terms of the branching coefficients appearing in the 
irreducible decomposition of the character of sl{N) [34, 35]. In order to extend this to super 
s/(M|A^)-family of the ABF model, wc have to know the character formulae of the superalgebra 
sl{M\N), that gives the affinc generalization of formulae [36, 37]. 

The text is organized as follows. In section 2, after preparing the notations and giving the 
definition of the quantum group Uq{sl{M\N)), wc introduce the elliptic deformed superalgebra 
Uq^p{sl{M\N)). Our approach is based on the dressing procedure of the Drinfeld current of 
the quantum group. In section 3 we give bosonizations of the superalgebra Uq{g),Uq^p{g) {g = 
sZ(l|2), sZ(2|l)) for an arbitrary level k. We give the screening currents that commute with 
Uq{g),Uq^p{g) {g = s/(l|2), s/(2|l)) modulo total difference. In appendix we summarize some 
useful formulae of bosonizations and screening currents. 

2 Elliptic deformed superalgebra Uq^p{sl{M\N)) 

In this section we introduce the elliptic superalgebra Uq^p{sl{M\N)). Kac [38] introduced the 
superalgebra generalization of contragredient Lie algebra. Van de Leur [39] classified the contra- 
gredient superalgebra g of finite growth. Yamane [40] introduced quantum affine superalgebra 
Uq{g) and constructed the Drinfeld currents. We give elliptic deformation of the quantum affine 
superalgebra by developing the dressing procedure [5] . 
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2.1 Quantum superalgebra Ug{sl{M\N)) 

In this section we review the Drinfeld realization of the quantum superalgebra Uq{sl{M\N)) for 
M,N = 1,2,3, - ■ ■ [40]. We restrict our consideration to M ^ N . The quantum superalgebra 
Uq{sl{M\N)) in [40] is a g-deformation of the universal enveloping algebra of sl{M\N) [39]. 
Hereafter we fix a complex number g / 0, \q\ < 1. Let us set 



[x,y\=xy-yx, {x,y} = xy + yx, [a]g = 



q-q- 



(2.1) 



The Cartan matrix of the Lie superalgebra sl{M\N) is given by 

/ -1 ■■■ 
-1 2 -1 ■■■ 
-1 2 ■■■ 



(A 



i,j)0^i,j^M+N-l 



1 \ 







-1 2 -1 •■■ 

... -10 1 ... 

• • • 1 -2 1 

1 ... 







... -2 


1 








••• 


... 1 


-2 


1 


1 


••• 


... 


1 


-2 



(2.2) 



M-l 



N-l 



where the diagonal part is (Aj,j)o^j^M+iV-i = (0, 2, • • • , 2, 0, -2, • • • , -2). 

Definition 2.1 [40] The generators of the quantum superalgebra Uq{sl{M\N)), which we call 
the Drinfeld generators, are given by 



tm^ (^i,n^ hi, c, (1 ^ i ^ M + iV- l,m G Z,n G Z^o)- 



Defining relations are 



c : central, [hi, aj^m] = 0, 
[Aijm]g[cm]g 

Q Om+n,0, 



[hi,xf{z)] = ±Aijxf{z), 

m ■' 

[ai,^,xj{z)] = -^-^^z^xj{z), 
■' m ■' 



(2.3) 

(2.4) 
(2.5) 
(2.6) 

(2.7) 
(2.8) 



(zi - q^^^'^Z2)xf{zi)xf{z2) = (g^^^^zi - Z2)xf{z2)xf{zi), for \Aij\ ^ 0, (2.9) 
xf{zi)xf{z2) = xf{z2)xf{zi), for \Aij\ = 0, + (M, M), (2.10) 
{x±(zi),x±(22)} = 0, (2.11) 

\4{zi),X-j{z2)\ = _ (<5(g""ziA2)V+(g^Z2) - 5(g"zi/z2)V'r(9~^Z2)) , 

for {i,j)^{M,M), (2.12) 
{x^(zi),x^(z2)} = ^q_q-i^^^^^ {^{q'^zi/ Z2)i)lj{q^ Z2) - 5{q^zi/ Z2)i)M{q~^ Z2)) ' 

(2.13) 

(xf (zi)x±(z2)a;±(2;) -{q + q-^)xf{zi)xf{z)xf{z2) + xf {z)xf {z,)xf {Z2)) 

+ {zi o Z2) = 0, for \Aij\ = 1, M, (2.14) 

(^M(^i)a^M+i(^i)a^M(^2)a;^_i(w^2) - g"^a;^(2i)a;^+i(u;i)a;^_i(w;2)a;M(^2) 
-9a;M(^i)^M(^2)a;^_i(«^2)a:M+i(^i) + x^{zl)x^_l{w2)x^{z2)x^_^_l{wl) 

+x%+iiwi)x^iz2)x^_^{w2)x%{zi) - q-^x%^-^{wi)x^_^{w2)x^{z2)x%{zi) 

-qXMiz2)xM-l{w2)x^_^_^{wi)x^{zi) + X^_^{w2)x^{z2)x^^i{wi)x^{zi)) 

+{zi ^ Z2) = 0, (2.15) 
where we have used 5{z) = '^Zm&i ■ Here we have set the generating functions 

-^{z) = J^xJ^z— \ (2.16) 



i^+iqh) = q''*expliq-q-^)J2(^i,mZ-A, (2-17) 
V m>0 / 

^-(g-fz) = q-'^iexpl-{q-q-')J2%-mzA- (2-18) 

V m>0 / 

We changed the gauge of boson ai^rn from those of [40]. In what follows we assume c G C. 
2.2 Elliptic deformed superalgebra Ug^p{sl{M\N)) 

In this section we introduce the elliptic superalgebra Uq^p{sl{M\N)) for M, N = 1,2,3, ■■■ , {M ^ 
N). Let us introduce a deformation parameter r such that 

r, r* =r-c>0. (2.19) 

We often use the parameterization. 

p = q^- = e-"-?, p* = q^^' = e'"-^ , z = q^\ w = q^\ (2.20) 
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We have rr = r*T*. Let us set the Jacobi theta functions [u], [u]* by 



{p;p) 



3 

oo 



Here we have used the standard symbols. 



Qp{z) = {p;p)oo{z;p)oo{pz ^■,p)oo, 

"1,— i"fc^O 



(2.21) 



(2.22) 
(2.23) 



Definition 2.2 The elliptic superalgebra Uq^p{sl{M\N)) is generated by the currents (operator 
valued function) and elements 



The defining relations are given as follows. 
For l^i,j^M + N — 1, the relations are 

c : central, [hi, Bj ^,] = 0, 

[-Di^mi j — f 1 '-hn+n.Qi 



(2.24) 



m 



[hi,Ej{z)] = AijEjiz), [hi,Fj{z)] = -AijFj{z), 
[Bi,m,Ej{z)] = ^iM!!!k^-^.(^), [Bi,m,Fj{z)] = 



m .,..,„... ^ [rm]q 

ForlSi,jSM + N-l such that / (M, M), the relations are 



A 



Ul - U2 



hJ 



2 
Ai 



U1—U2 + 



[Ei{zi),Fj{z2)] = 



E^{zi)Ej{z2) 
Fi{zi)Fj{z2) = 

{q - q-^)ziZ2 



Ul — U2 + 



A 



A, 



Ul - U2 



Ej{z2)Ei{zi), 
Fj{z2)Fi{zi), 



(2.25) 
(2.26) 
(2.27) 
z^F^{z). (2.28) 



(2.29) 
(2.30) 



{5{q-''zi/z2)Hi{q^Z2) - 6{q'zi/ Z2)Hi{q-' Z2)) , (2.31) 



{EMizi), Em{z2)} = 0, {FMizi), FMiz2)} = 0, (2.32) 

{EM{zi),FMiz2)} = ^_ (<5((?-'=zi/z2)i7M((?"^2) - 6{q''zi/z2)HM{q-''z2)) . 



{q-q ^)ziZ2 



(2.33) 



For 1 ^M + AT — 1, the relations are 

Hi{zi)Hj{z2) 



(2.34) 



6 



H,{z,)Ejiz2) = J Ejiz2mz,), (2.35) 

[Ui - lt2 + % Y'l* 

Hiiz,)Fj{z2) = ; ^ F,(z2)ff.(^i). (2.36) 

For l^i,j^M + A'" — 1 (zT^ M) such that \Aij \ = 1, they satisfy the Serre relations 

F.(.i)^.(^2)F,(.) /l./; , 



and 



-(g + g-l)F,(zi)F,(z)i?,(z2) 



+Fj(2;)£;i(zi)Fi(2;2)^^_^.^^.^^^_^^_^._^.^-^^ I |^_Ai,i|2|. 

+(zi O Z2) = 0, (2.37) 



F.(.0i^.(^2)F,(.) ^;„^^,,l ' 



^^2 



-£2. 

-(g + g-^)F,(^i)F,(^)F,(z2. 
+F,iz)F,{z,)F,{z,) ^^A.,,^}{qA.,,^} [-) j 

+{zi o ^2) = 0, (2.38) 

/ r groi 1 * r qz2 -i*fm2"l*f'W2"l* ^ > 

Em{zi)Em+i{w,)Em{z,)Em-i{w2) ^ ^ ^"^-^ ^'^'^ ^'^'^ 



f wi^ *r Z2 -1*1" qw2 "1 * f gw2 1 * \ 



f guii j * r •i«2 1 * r 1 * r Z2 i 
-g~^£;M(^l)FM+l(wi)£;M-l(w2)FM(^:2) rw] ^^rQwl^^r'll i * r qz2 i 



r MJi 1 1. r g"'2 1 1. f Z2 -i^fqzj-i* 
^ w2 ^*f 'W2 'i*f gwi -) * f gwi -| * , s . 

^qziJ lqz2i zi J ^ Z2 J / ^2 \ 



-g£;M(2:i)FM(2:2)^M-i(M^2)^M+i(wi) r q«>2 1 * r <7^'i 1 * r ^ *r WT^ ( ~ ) 

l Z9 1- zi -11- azo. J I at«9 -< V ^ ' 



+Fm (2:1 )-Em-1 {w2)Em {z2)Em+i {wi ] 



Z2 ■> zi J i- qZ2 ■' ^ qW2 ■ 
f W2 '{* f Z2 -|*f qwi -[* f qwi -| =1. 
L qzi J 1- qzi J 1- zi J I- Z2 -* 



zi ■> ^ zi ■> '~qzi-> <- gz2 

+Em+i{wi)Em{z2)Em-i{w2)Em{zi 



Z2 



fqW2\*Sq21\*f2EL\*f3£^\* \ ijj, 
I- zi J I zi J l qzi J L gz2 J V ^ 

f gz2 I * f W2 1 * r qzi -j * f zi -j * , 



-q ^ Em+i{wi)Em-i{w2)Em{z2)Em{zi 



r Z2 1 f qw2 -\*( zi 1 » r gzi -1 \ 

l gtiJi J 1- Z2 I qwi J I- W2 J ^ ^ 



qwi J <- J L 5iui J I- tj)2 

r w2 'i*f wi 'i*r gzi -) * r gzi -| * 

^ gZ2 J I ?Z2 J 1- IU2 -* VJl > 

' f g"'2 1 f qw\ -j^j- Zl -j^f Zl -j* 

l Z2 J J 9^2 J qWl J 



l aw^ J l t«9 J <- aw^ J ^ Wo J \ ^ 

\ 

-qEM{z2)EM-l{w2)EM+l{wi)EMizi 



r Z2 1 * r qwi -j * f Zl 1 * r gzi -1 * ^ 

+ £;m-i(^2)^m(^2)^m+i(^i)^m(^i)^^"'^-^ ^ " ^^"^^ ^ 



I- lUQ J I ozi J I- WO J l o«;i J \ 
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+{zi o Z2) = 0, 



(r «)i -j f Z2 1 r qw2 ^ r qw2 j . ^ si 
FM{zi)FM+l{wi)FMiz2)FM-liw2) || ^ | r | f ^ | { ' 

-g~^FM(2:i)i^M+i(^^i)i^M-i(w2)FM(2:2) 

-qFMiz,)FMiz2)FM-iiw2)FM+i{w,)^ n,2in,2./ /^l V 



L g22 J qzi J Z2 ^ ^ W2 J ^ 



1 



+FM+liwi)FM{z2)FM-l{w2)FMizi) 



r^2_i r2«^\ r_a_l rgzi 1 / 

'.guiiJ'- 22 J 1- 5U11 J I U12 J / ^2 



wi J ^ qZ2 ^ wi J qW2 

-q~^FM+l{wi)FM-l{w2)FM{z2)FM{zi 



r _52_ 1 r 2£2 1 r 1 r 2^ \ 
L guji J I W2 J l gtfi J I W2 J / ^2 



|2£2||^|r2a||^| \ ^„ 

I. «)i J L g«)2 J l- wi J I. q't«2 J N ^ 
r gw2 1 f gwi 1 f 21 -j r 21 -j 
L 22 J 22 J L qui2 J quii J 



1 



-qFM{z2)FM-l{w2)FM+l{wi)FM{zij r«^-, r«ni 12211 fMll 

I- gZ2 9^2 -'ltU2-''-tUl-' 



+ FM-l(t(;2)-FM(^;2)-FM+l(^«l)-fM(^l^ 



r gZ2 -1 r wi -j r qzi -j r 21 -j / si 
1 «)2 J i-g^i J 1 W2 J <-?«)i J I W2\'^ 



(2.39) 



- qW2 J l- 21 J i- gt«2 J >- t«i 

+(^1 ^ 22) = 0. (2.40) 

Here we have used the abbreviations 

{z}* = {p*z;p*)^, {z} = {pz;p)^. (2.41) 

2.3 Dressing construction 

In this section we construct Uq^p{sl{M\N)) from Uq{sl{M\N)) by developing the dressing pro- 
cedure [5]. 

Definition 2.3 Let us introduce the dressing operators u^{z,p), (1 ^ j ^ M + iV — 1) by 

u+{z,p) = exp ( ^ ^_aj,.m{q'z)A , (2.42) 

uj{z,p) = exp I - ^ ^aj,miQ-'zr A ■ (2-43) 
Straightforward calculations show the following propositions. 
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Proposition 2.4 For 1 ^ i,j ^ M + N — 1, we have 



ur{zi,p)xj{z2) 



t ^ -A ■ / ^XJ{Z2)UJ{ZI,P), 

{p*q ^'■^ZilZ2;p*)oo 



{p*q-^i^j+''zi/z2 ■■ p*)c 

{p*q^i'i+''Zi/z2;p*)cc, ^ 

{pq-^i,i-''zxlz2 :p)oo ^+ 
{pq^i^i-''zxlz2\p)oo ^ 



{Z2)u+{zi,p) 



(2.44) 
(2.45) 



Ui {zi,p)xUz2) = ^7 4...-/'r^ ' "^^^^ xUz2)u. {zi,p), (2.46) 



uriz,,p)xj{z2) = |^=S^7^;^^7(^2)t.a^i,P), (2-47) 

+ . ^ ^ {pq~^'''~''zi/z2;p)oo{p*q^''^^''zi/z2;p*)oo . . 

{Z,,p)u^ {Z2,p) = (^gA.,-e,^/,^.^)^(^*^-A„,+c. (.1,P). 



2;iA2;p*)c 



(2.48) 



Definition 2.5 

- 1) 6y 



H^e define the dressing currents ej{z,p), fj{z,p),jpf(z,p), (1 ^ ^ M + 



ej{z,p) = uf{z,p)x'f{z), 

fjiz,p) = xj{z)uj{z,p), 

'ipj'{z,p) = u^{q^z,p)'4}j{z)u~{q~^z,p), 

fp7{z,p) = uj{q~h,p)ip:[{z)uUqh,p). 



(2.49) 
(2.50) 
(2.51) 
(2.52) 



Proposition 2.6 The currents ei{z,p), fi{z,p) and ai^n,hi,c, {1 ^ i ^ M + N — l,n E Z^q) 
satisfy the following relations 



c : central, [hi,aj^m] = 0, 
[Aijm]g[cm]q 

[hi,ej{z,p)] = Aijej{z,p), [hi,fj{z,p)] = -Aijfj{z,p), 



[ai,m,ej{z,p)] = 



[Aijm] 



'^z"'ej{z,p) X { 



m 



(m > 0) 
(m < 0) 



[ai,mjj{z,p)] = - 



z"'fj{z,p) X { 



m 



1, (m > 0) 



zi @p* (g^''^' Z2/Z1 )ei {zi , p)ej {z2 , p) 

= -Z2&p*iq"^'-'Z2/zi)ej{z2,p)ei{zi,p), for \Aij\ / 0, 
[e,(zi,p),e,(z2,p)] = 0, for = 0, {i,j) / (M,M), 

{cm (-21, P), CM (-22, P)} = 0, 
Zl&piq'"^''' Z2/Zi)fi{zi,p)fj{z2,p) 



(2.53) 
(2.54) 
(2.55) 

(2.56) 

(2.57) 

(2.58) 
(2.59) 
(2.60) 



= -Z2ep{q-^^'^Z2/zi)fj{z2,p)fi{zup), for \Aij\ 0, (2.61) 
[fi{zi,p),fjiz2,p)] = 0, for lAjl = 0, + {M,M), (2.62) 
{fM{zi,p),fM{z2,p)} = 0, (2.63) 

[ei{zi,p),fj{z2,p)] = _ g-i^^^^^ (^Siq'''zi/z2)ijl{q^Z2,p) - S{q''zi/z2)iJiiq~^^Z2,p)^ , 
for (i,i) / (M,M), (2.64) 

{eM(2;i,P),/M(^2,p)} = 7 zr; (<^(«~''2;iA2)V'm(9^^2,P) - 5(g''zi/z2)'i/'M(«~^2;2,p)) , 

(2.65) 



{zi , p)ei iz2 , p)ej {z, p) ^^_a,., J-^} 



-(9 + g-^)e,(^i,p)ej(z,p)e,(z2,p) ^^_^. .2^,^^_aJ22|. 



+e,(z,p)ei(zi,p)e,(z2,p)-^^_A. .^^,^^_A. y 
+(zi -H- Z2) = 0, for IAjI = 1, z ^ M, (2.66) 

I /i (^1 , P) /i (^2 , P) fj{z, p) |^A,,, l||gA,,, 
-(9 + q~^)fi [zi , P)fj {Z, p)fi {Z2 , p) . £2 I 

+fj{z,p)fi{zup)fi{z2,p) ^^A,,Ly{qA,,Sz] j -J^A-iy 

+{zi ^ Z2) = 0, for lAjl = 1, i 7^ M, (2.67) 

eM(2;i,p)eM+i(w^i>p)eM(^2,p)eM-i('i«2,p) '^^^ '^^'^ 



f wi -[ if f Z2 ^ * t qw2 1 ,^ f qw2 T ^, 



f g"!"! j * r ^2 1 * r 9^2 1 * r 22 i 
-9~^eM(-2;i,p)eM+i(iyi,p)eM-i(w^2,p)eM(z2,p) '^"'^ 



r wi -j ^ f qw2 -j » r 22 1 * r 9^2 1 ^, 

L qzi J L 21 J l guii J L W2 J 



r »J2 1 * r W2 1 * r g^^i i * r yt"! i * 
-geM(2i,p)eM(2;2,p)eM-i(^i^2,p)eM+i('i^i,p)- ''''' '''''' ''^ 



' r g^'2 1 * f qwi 1 » f M)i 1 « f 22 1 * 
I 29 J 21 J 1 029 J I awo i 



Z2 -> 21 J >- 522 ' qW2 - 

+eM{zi , p)eM-i{w2,p)eM {z2 , p)eM+i (^i^i , p) - 



rw2'i*r 22 ^* f qwi -j * f qwi -j 1; 
1- 521 J 1- 521 J 21 J 22 J 
f gW2 -j * f g22 -j » f Wl -j =1. f Wl -j » 
I 21 J I 21 J I g2i J L ^22 J 

f g22 -j * r u'2 1 * f 921 -j * r 21 j * 

+eM+l {Wl , p)eM {Z2 , p)eM-l {W2,p)eM {Zl , p) r Jg^. ^ rg^. ^ r^-, ^ r^-, ^ 

qwi 1- 22 J qw\ J 1- 102 J 
r g22 -j * r 22 1 * r g2i -1 * r 21 -1 » 



-g ^eM+i('»^i,p)eM-i(«^2,;>)eM(22,;>)eM(-Zi,;>) ""^ ^""^ "'^ ^""^ 
-gcM {z2 , p)eM-i{w2,p)eM+i {wi , p)eM [zi , p) 



r _22_ \ * r 922 1 * r _£i_ 1 * / 2£i \ * 
L qwi J I ■W2 J ^ qw\ J I W2 J 

r j£2. ]. * r i<i I * r I * r g£i_ I * 



f 9M'2 1 f 9^)1 1<.f 21 -l,|,f 21 1^, 
l 22 J l 22 J I qW2 J I qWl J 
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+ eu-x , p)eM {Z2 , V^M+i {wi , p)eM {zi , p) r'g. , r^. , r J^. ^ 

1- tU2 J ^ gzi J ^ W2 J L qwi J 

^ qzi J ^ Qti'i ^ J 22 ^ 



W2 ^ ^ qzi J ^ 1^2 ^ ^ qwi ■ 

+(-21 ^ Z2) = 0, (2.68) 



I fM{zi,p)fM+l{'Wl,p)fM{z2,p)fM-l{w2,p) r qm_^ f qZ2y t W2\ I m.\ 

-q ^fM{zi,p)fM+l{wup)fM-l{w2,p)fM{z2,p) Z^^.. ,^.'^^ 

1- zi J l qzi J 1- t«i J 1- qW2 J 

f g"'2 j r qw2 1 r wi -j f wi j 

-qfMizi,p)fMiz2,p)fM-liw2,p)fM+liwi,p) r 

r qi"2 1 r 9^2 j r wi -j f wi j 

+ fM{zi,p)fM-liw2,p)fMiz2,p)fM+liwi,p) '^""'^ 



r W2 1 r 22 1 r g"*! i r i 

L qzi J L qzi J L 21 J L 22 -* 



+ fM+l{wi,P)fM{z2,P)fM-l{w2,p)fM{zi,p) 



-q ^fM+l(,Wi,P)fM-l{W2,p)fM{Z2,p)fM{zi,p) ^""^ ^""^ 



Zl Z2 - 

r 22 1 r 1 r 21 i r g^i -j 

L guii J L 22 J L <?uii J L U12 J 

r g22 1 r "'2 1 r 1 r i 

1- MJl J qZ2 -f l- Mil J I- g«'2 J 

r ^2_ 1 r 2£2 1 r 1 r 2£i 1 



-9/m (^2 , P)/m-1 (u^2 , p)fM+l {Wl , p)/m (^;i , P) - 



r <?22 -j r 22 1 r <?2i 1 r zi i 
r g"'2 1 r g^i i r 21 i r zi i 

L 22 J L 22 J L gui2 J L guii / 
r M>2 1 r Wl 1 f g2i -[ f (?2i -j 
922 J L 922 J L UI2 J uii J 



r 922 j r Wl j f (?2i j f zi j 

+ fM-l{'W2,p)fM{z2,p)fM+l{'Wl,p)fM{zi,p) 



r 22 1 f gwi T f zi 1 r 921 T 



+(zi ^ Z2) = 0. (2.69) 
We have used the abbreviations (2.41)- 

Proposition 2.7 The currents i^f{z) [l^j^M + N — 1) have the following formulae. 

i^f{q^^'-'^^z,p) = q^^^ : exp ( - ^ ^zA : . (2.70) 



\r^m\a 



Here we have set 



{lllUlka- (m>0) 

^ ^ (l^j^M + N-l). (2.71) 
(?'=f™laj,™, (m < 0) 

Definition 2.8 We define elliptic currents Ej{z), Fj{z), Hj{z), (1 ^ j ^ M + AT - 1) by 

Ej{z) = ej{z,p)e^^i z~^^\ (2.72) 

F,{z) = f,{z,p)z-^''^+'^^\ (2.73) 

i?±(^) = i/,(g±(^-f)z), (2.74) 

HAz) =: exp I - y -^z"™ | : e^'^i z'^^'i+'rhi . (2.75) 
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Here we have used the zero-mode operators Pj,Qj, {l^j^M + N — 1). 

[P^.QJ] = -^, (iSijSM + N-l). (2.76) 

Proposition 2.9 The currents Ej{z), Fj{z), Hj{z) and Bj^n, hj, c, (1 ^ j ^ M + N — l,n E 
Z^o) satisfy the defining relations of elliptic superalgebra Uq^p{sl{M\N)) (2.25), (2.26), (2.27), 
(2.28), (2.29), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35), (2.36). They satisfy the Serre 
relations (2.37), (2.38) and (2.39), (2.40) for 1 ^ i,j ^ M + N-l,{i ^ M) such that = 1. 

We have constructed the elliptic deformed superalgebra Uq^p{sl{M\N)) from the quantum su- 
peralgebra Uq{sl{M\N)). 

3 Bosonization 

In this section we give new bosonization of the superalgebra Uq{sl{l\2)),Uq^p{sl{l\2)) for an 
arbitrary level A;, and their screening currents. Wakimoto [41] constructed bosonization of affine 
algebra sl{2) for an arbitrary level k. We call this-type bosonization based on the flag manifold 
[43] the Wakimoto realization. Feigin-Prenkel [42] generalized the Wakimoto realization to the 
higher-rank affine algebra sl{N). Shiraishi [44] constructed the Wakimoto realization of the 
quantum algebra Uq{sl{2)) and its screening currents. Awata-Odake-Shiraishi constructed the 
Wakimoto realization for the quantum algebra Uq{sl{N)) and its screening currents [45]. In 
the case of Uq{sl{2\l)) Awata-Odake-Shiraishi [46] constructed the Wakimoto realization and 
Zhang-Gould [47] constructed the screening currents. 

3.1 Uq{7l{l\2)), Uq^p{2{l\2)), Screening 

In this section we give new bosonizations of Uq{sl{l\2)), Uq^p{sl{l\2)) and their screening currents. 
In this section we assume the central element c = k ^ 1. The Cartan matrix (^ij)o^i,j^2 of 
sZ(l|2) is given by 



/ -1 1 \ 



{^i,j)o^i,j<,2 



-10 1 
VI 1-2/ 

The Cartan matrix of the classical part s/(l|2) is written by 



(3.1) 
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where we have set vi = +,1^2 = 1^3 = —■ Let us introduce the bosons and the zero-mode 
operators aL, Qi {m eZ,j = 1, 2) l^d,Q^\ Q'c^ (m G Z, 1 ^ i < j ^ 3) by 

[aln, aU = [(fe-l)^.KiH. ^^^^^^^ f^j^^ i^A,,5m,o, (3.2) 

[^m ' ^n"''] = -^i^j-^Si,i'hj'^rn+n,0, W^.Ql ] = -l^il^jSi,i'Sjj>dm,0, (3-3) 

., ., [m]^ . . ., ., 

[Cm > ] = ^iVj-^Ki/^3,3'^rn+n,0, [c'^,Q'c ] = Vi^A,i'^3,3'^rn,Q- (3.4) 

Let us set the bosonic fields a{z), a±{z) and (-2|«) as follows. 

«(^) = - E TT^'"" + Q« + (3-5) 

a±(z) = ±(g - q-^) ^ ai^z^'" ± aologg, (3.6) 

m>0 

Q a) (.|a) = - ^ t|^«""''"'^""^ + ;^(^« + «olog-)- (3-7) 
We impose the cocycle condition to the zero-mode operator. 

eQb'^e9b^ = -eQb^e'^b'^, e^b'^ e^l'^ = e^b'\Qb'\ e^b'^e^l'^ = e^b'^e^b'^. (3.8) 
Straightforward OPE calculations show the following propositions. 

Proposition 3.1 Bosonization of the quantum superalgebra Uq^p{sl{l\2)) is given as follows. 

c = k, hi = al-bl'^ -bl'^, h2 = al + 2bl'^ + bl'^ -bl'^, (3.9) 

ai,m = aig-^l-l - ,-(^-^)H - (3.10) 
a2,m = alq-'^^"^^ + b^Jq-^^-'^^-^Kr + g"") + ^^^Q-^^-^)'™' - bl^\-^'-'^^"^^ , (3.11) 

^i'(^) = ^li^tii^) + Ci;2a;t2(^)' (3-12) 

ix^i(z) -c^2^^2(2;)), (3.13) 

l^Zli^) - CioXiJz) - Cr3^r,3(^) + CiAXiAi^)), (3.14) 



1 




- q~ 






1 






- Q' 






1 






- q~ 


-^)z 



^2 (^) — _ ^-l-j^ ('^2,1^2,1 (^) ^2 2a;2,2(^)) + '^2,3^2,3 (^) ' (3.15) 

where we have set 



xl^(z) =: ,-(b'-'+b^'')Ai-'^)-b'-'i^-'^) (3.16) 
x+^{z) =: e-(''+^)'''W-*'''W :, (3.17) 
4^(^) =: e'r(^)+(l>+c)''Hi-'^) (3.18) 
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fc-i 



x-^(z) =: e<(«^^)+^'''(«'"'^) :, (3.20) 
=: e«^(«-'^-)+^^'^(«-'=+^^) :, (3.21) 



x-^{z) =: eal_(g-^2)-6'_"'(q-'=+i2)+(6+c)2.3(g-fc^)-fel_-3(g-'=+i^)+fci,3(y-fc^) _^ ^2^22) 

^. gaL(«-^2)-6f (9-'=+i2)-6i'3(«-'=+i2)+(6+c)2.3(g-'=+22)+6i.3(g-fe2) ^2 23) 

^(^) ^. ga^(q^^)+&f (q'=-22)-(6+c)2.3(qfc-l^)+6^.3(qfc-2^)_6^.2(qfc-l^) ^3 ^4) 

^. gai(<?-^z)+6!.'3(q-'=+2^)-{6+c)2.3(g-fc+l2)+6i.3(^_fe+2^)_(,l_,2(g-fe+l^) _^ ^^^^5) 

ifere we /lai'e sei the coefficients as follows. 

(4,1 > C]*;2 > c^i > ^2) = («' 7> 7) , (3.27) 

11111 

(Cl,l,Ci 2,Ci_3,Ci 4,C2^1,C2 2,C2_3j - ' ~' ^ ' ^ ' ~ ' ~' J " (^-^S) 

/fere a, ^, 7 7^ are arbitrary parameters. 



Next we give bosonization of the elliptic superalgebra C/5,p(sZ(l|2)). Our construction is based 
on the dressing procedure of the quantum algebra developed in this paper. 

Proposition 3.2 Bosonization of the elliptic superalgebra Uq^p{sl{l\2)) is given as follows. 



c = k, hi = al 

[r*m] 



- V 



^j,m — \ 



^1.2 , 2 , r,;,2,3 , ,1,3 ,1,2 

(m > 0) 



(m < 0) 



, (i = i,2), 



(3.29) 
(3.30) 



ai,„. = a^,-^l-l - fe^^^g-e^-i)!-! - (3.31) 
a2,^ = a^g-^l-l + 6^3,-{^-i)l-l(,- + + 6^3^-{fc-2)|n.| _ ^M^-C^-Dlrnl (3.32) 

(3.33) 



E^{z) = «+(2,p).x+(z)e2«^z-^^^ (i = 1,2), 
Fj{z) = xjiz)ujiz,p)z^^''^+^^\ (j = 1,2), 
Hf{z) = Hj{q^('-'^h), (i = l,2), 

w/iere we have used (3.12), (3.13), (3.14), (3.15) and 



(3.34) 
(3.35) 



(3.36) 
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J{z,p) = exp - ^ « \^j = 1,2), (3.37) 



m>0 

ifere we /ia?;e used the zero-mode operators 



H,{z) =: exp - ^ FV^^"™ : e2'3^.-^^^•+^'^^ (j = 1,2). (3.38) 
1 ir*m\q • 



[Pi,Qj] = -^, (l^^,i^2). (3.39) 

Proposition 3.3 The bosonic operators Sj{z) (j = 1, 2) given below are the screening currents 
that commute with the quantum superalgebra Uq{sl{l\2)) modulo total difference. 

sj{z) =: e-(^"')("il^)%(z) : (j = 1, 2). (3.40) 

Here we have set 

si{z) = -01,551,5(2;), (3.41) 

S2{z) = , _ {-C2,3S2,3{z) +C2,4S2,4{z)) +C2,5S2,5{z), (3.42) 

\Q Q )z 

where 

hd^) = : e-''-"^'^ (3.43) 

S23{z) = : e-f'+'M+(f'+c)'''('?'^)-f'-'('?^)+f'i''(^) (3.44) 

S2a{z) = : e-''-'(<?-)+(''+-)'''W-''-'(<'-)+''-'(-) :, (3.45) 

S2,5iz) = ,^-b^'H^)+b'A^)+b'-'ii-'^)... (3.46) 

Here we have set the coefficients as follows. 

(ci,5, C2,3, C2,4, C2,5) = ( qa, 7, 7, — ) , (3.47) 

where parameters a,P,^ have been introduced in (3.27), (3.28) for the bosonizations of 
Uq[sl{\\2)). Explicitly the bosonic operators si[z),S2{z) and {z) , {z) satisfy the following 
relations. 

[ai,m,Sj{z2)] = 0, (3.48) 

[xt{zi),sj{z2)] = 0, (3.49) 

[xriz,),S,{z2)] = (g _ g-i)^,^, ('^(g'~'^^/^^) - S{q-'+'z2/z^)) 

X ,e-(^"')(^^l-^):, (3.50) 
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and 



{si(zi),si(z2)} = 0, 

(Zl - gf"^i'2z2) Si (Zi) 52(2:2) = iq~'^^'''Zi - Z2)s2{z2)si{zi), 
{Zl - q~'^^''^Z2)s2{zi)s2{z2) = {q~^^''^ Zi - Z2)s2{z2)s2{zi) ■ 

By the commutation relation [ai^rn, Sj(z2)] = we conclude the following. 



(3.51) 
(3.52) 
(3.53) 



Proposition 3.4 The bosonic operators Sj{z) {j = 1,2) given in (3.4-0) become the screening 
currents that commute with the elliptic algebra Uq^p{sl{l\2)) modulo total difference. Explicitly 
the bosonic operators si{z),S2{z) and Ei{z), E2{z), Fi{z), F2{z) satisfy the following relations. 



[Bi,m,Sj{z2)] = 0, 
[Ei{zi),Sjiz2)] = 0, 

[Fi{zi),Sj{z2)] -- 



s., 



-{5{q^-^Z2/zr)-5{q-^'^^Z2/zr)) 



{q-q ^)ziZ2 

The Jackson integral with parameters p and s 7^ is defined by 

rsoo 

/ /(z)dpZ = s(l-p)^/(sp>" 
•''0 

Prom the above proposition we have 



(3.54) 
(3.55) 

(3.56) 
(3.57) 



neZ 



" PSOO 

I Sj{z)d 
Jo 



2(k-l)Z, Uq^p{sl{l\2)) 



(3.58) 



3.2 Ug{sl{2\l)), Ug,p{sl{2\l)), Screening 



In this section we review known results on bosonization of Uq{sl{2\l)) [46] and its screening 
currents [47]. We give bosonizations of Uq^p{sl{2\l)) and its screenings. In this section we 
assume the central element c = k ^ —1. The Cartan matrix (^ij)o<ij<2 of s^(2|l) is given by 



/ -1 1 \ 



(^i,j)o^«j^2 — 



-1 2 -1 
V 1 -1 / 

The Cartan matrix of the classical part si(2|l) is written by 



(3.59) 



(Aj)l^i,i^2 = {{l^i + - l^Aj+l - I^i+lSi+l,j)i^ij^2, 
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where we have set ui = 1/2 = +,^3 = — • Let us introduce the bosons and the zero-mode 
operators aL, QL {m eZ,j = 1, 2) b]^, dd^Qii^ (m G Z, 1 ^ i < j ^ 3) by 



[{k + \)m]q[Ai^jm]q 



m 



5m+n,0, Qi] = (k + l)AijSm,0, 
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ml 



m 



We impose the cocycle condition to the zero-mode operators. 



^1,2 ^1,3 ^1,3 ^1,2 ^1,2 „2,3 ^2,3 ^1,2 ^1,3 ^2,3 



gVb gVb gVj gVj — — (f^b 



(3.60) 



(3.62) 



(3.63) 



Proposition 3.5 [46] Bosonization of the quantum superalgebra Uq{sl{2\l)) is given as 
follows. 



1 12 

c = k, hi = Uq + 26q' + 6| 



1,2 , ,1,3 ,2,3 

^ -bo , 



1,2 ,a,3 

'0 ' 



(3.64) 



ai,m = a^g-^l"l + 6^2^-(^'+i)l'"l((Z™ + (Z"") + ^^'g-^'^+'^l'"! - bl\-^''+'^\"'\ , (3.65) 



flo - fl2 - -(fc+l)|m| _ ,1,3 -(fc+l)|m| 



(3.66) 



xtiz) 

xt{z) 
x^{z) 

where we have set 



l^^ ('^1,1^1,1 ('^) *^l,2^l,2(^))' 



{q-q -)z 

^ti^) — C2^1^2^l(^) + C2^2^2^2(^)' 

■^^^7^i:iy^(<^i,i^i,i(^) ~ <^i,2^i,2(^)) + <^i,3^i,3(^)' 

_ g-l^^ ('^2,1^2,l(^) ~ '^2,2^2,2(^) ~ '^2,3^2,3(^) + '^2,4^2,4(^))' 



(3.67) 

(3.68) 
(3.69) 

(3.70) 



a^i;i(^) 




(3.71) 


^1^2 (^) 




(3.72) 


^2^1 (^) 




(3.73) 


''"2^2 (^) 


= . g{&+c)l'2(2)+6l-3(^) 


(3.74) 


a^r,i(^) 


_. ga]^(g^z)+fe+'^{g'=+22)+(f)+c)l.2(qfe+l2)+b^'^(g'=+2z)-fe^'3(g'=+lz) . 


(3.75) 


^l,2(^) 


fe+1 

. c ., 


(3.76) 


^1,3(^) 


-. ^al{q^z)-b'^/{q''+^z)-b^-^{q''+^z)+b'^-^{q''+^z) . 


(3.77) 


X2i{z) 


= . ga:^(g^2)-62.3(g»=+l^) 


(3.78) 
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^2,2{^) =■■ e«-('^"'*'-)-''^'^(^-'=-^^) (3.79) 

fc+1 

^. ^a'l(q-^z)-}t\q-''-^z)-}t\q-''-^z)-{b+cY-\q-'^z)-h''\q-'^z) ^g gQ) 

ga2_{g-^)-&;.'2(q-'=-l^)-6^.3(q-fc-lz)-(6+c)1.2(q-fc-2^)_;,l,3(q-fc^) _ ^ 

iJere w;e have set the coefficients as follows. 

ict,i^cf^2^4,i^4,2) = (a,a,/3,7) , (3-82) 
f - - - - - - -^-f^ ^ ^"""'^ 9 9 1 1\ 

lCl,l>Ci,2,Ci^3,C2^1,C2^2>C2,3,C2,4j - I , ^, , ^, ^, ^, ^1 • 

ifere a, /3, 7 7^ are arbitrary parameters. 

Note. The coefficients of the currents x^{z) have 4 free parameters in [46]. In this paper we 
have only three free parameters a,l3,j, because we assume the commutation relations (3.102), 
(3.103), (3.104) with the screening currents. 



Proposition 3.6 Bosonization of the elliptic superalgebra Uq^p{sl{2\\)) is given as follows. 



c = k, hi = al + 26q'^ + ^J'^ - 6q ^, /i2 = Oq ~ ^0 ^ ~ ^0 (3.84) 

{tlUlka- (m>0) 

[7-1^ , (J = l,2), (3.85) 
g'^lHa, (m < 0) 

ai,m = a^g-^l"^l + 6^2g-('=+i)l"'l(g'" + g-™) + h^^^-MI"^! - b''Jq-^''+^^\^\ , (3.86) 

a2,m = a^^-"*"!"^! - bl^\-^''^'^\-\ - (3.87) 

Ejiz) = u^{z,p)x+{z)e^'^iz-^P\ (j = 1,2), (3.88) 

Fj{z) = x-{z)uJ{z,p)zt(p^+''^\ (i = 1,2), (3.89) 

Hf{z) = Hj{q^^^-'2)z), (j = 1,2), (3.90) 

where we have used (3.67), (3.68), (3.69), (3.70) and 

(V*7Tl \ 

Et^^^'-^" ' (i = l'2), (3.91) 
m>0 J 

u-{z,p) = exp I - V j4^Bj,^z-A , (j = 1,2), (3.92) 

Hjiz) =: exp I - V t^^^"™ | : e^^^z-F^^^+F^', (j = 1, 2). (3.93) 



18 



Here we have used the zero-mode operators 

[Pi,Qj] = -^, il^ijS2). (3.94) 

Proposition 3.7 [47] The bosonic operators si{z), S2{z) given below are the screening cur- 
rents that commute with the quantum superalgebra Uq{sl{2\l)) modulo total difference. 

Sj{z) = : e-(^"')(^l^)sj(z) : (j = l,2). (3.95) 

Here we have set 



= , {-ci,^si,^{z) + ci,45i,4(^)) + ci,55i,5(^;), 

yq q )z 



(3.96) 



where 



hiz) = -C2,5S2,5iz), (3.97) 

~s,^,(z) = ,^b^'H^)-l>^'H<i^)+l>ri^),^ (3.98) 

~s,^,(z) = : e-''-'(«-'^)-(''+'^)'''W+''-'W-''-'(«-'-) :, (3.99) 

s,^,(z) = : e-^+'(«-'-)-(''+<=)^''(''-'-)+^-'(-)-''-'(^-^-) :, (3.100) 
~S2,,{z) = : e'^'''('^ : . 

Here we have set the coefficients as follows. 

(ci,3, ci,4, ci,5, C2,5) = (^a, a, , (3.101) 

where parameters a, 13,^ 7^ have been introduced in (3.82), (3.83) for the bosonizations of 

Uq{sl{2\l)). Explicitly the bosonic operators si{z), S2{z) and xf (z) , xf (z) satisfy the following 



relations. 



a,; 



,Sj{z2)] = 0, (3.102) 



and 



[xt{z^),s,{z2)] = 0, (3.103) 
[x;{z,),s,{z2)] = j^-^^^^{6{q'+h2/zi)-S{q-'-'z2/z,)) 

X : e-(^"')(^i|-^) :, (3.104) 



{zi-q-^^'^Z2)hizi)h{z2) = {q^^''''zi- Z2)hiz2)Si{zi), (3.105) 
izi-q-'^^''z2)siizi)s2iz2) = iq~^'''zi-Z2)s2iz2)siizi), (3.106) 
{S2{Z1),S2{Z2)} = 0. (3.107) 
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By the commutation relation [ai^m, Sj{z2)] = we conclude the following. 



Proposition 3.8 The bosonic operators Sj(z) {j = 1,2) given in (3.95) become the screening 
currents that commute with the elliptic algebra Uq^p{sl{2\l)) modulo total difference. Explicitly 
the bosonic operators si{z), S2{z) and Ei{z), E2{z), Fi{z), F2{z) satisfy the following relations. 



[Bi,m,Sj{z2)] = 0, 
[Ei{zi),Sjiz2)] = 0, 

[Fi{zi),Sj{z2)] -- 



{q-q ^)ziZ2 
X : e 



{8{q^+^Z2/zi)-5{q-^-'z2/zi)) 



From the above proposition we have 

Sj{z)d^2(k-^)Z, Uq^p{sl{2\l)) 



I 

Jo 



(3.108) 
(3.109) 

(3.110) 
(3.111) 
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A Bosonization 

In appendix we summarize relations of bosonization for Uq{sl{l\2)) and its screening currents 
relating to the delta-function 6{z) = Ylmez 

{a;^i(zi),x^i(z2)} 

= i.<5(gfe^2/^,)e<(^^^2)-6f(.'=-i.2)-6i^(«'=-i.2)^ 
•2^1 

{x+i(zi),X-2(^2)} 

= S_S{q-^+'^Z2/zi) : e«-(9"^^2)-6f (9-'=+2^)-6i:'(9-'=+222) 

Ki(^i)' ^2,1(^2)] 
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(A.l) 
(A.2) 
(A.3) 



{x+2(zi),a;i^3(^2)} (A.4) 
z\ 

{xt,2i^l)^X~A{z2)} (A.5) 
Zl 

[x+2(zi), 2:^3(22)] (A.6) 

\xli{zi),xl„{z2)] (A.7) 

[x+i(zi),x^i(z2)] (A.8) 

[42(^i)> ^1:3(^2)] (A.9) 

= (5-«"^)^(«"^"^^-22M) : e''-(''"^^2)+(b+c)2.3(g-'=^2)+(b+c)2.3(g-'=+222)-6i'"(g-'=+i22)+6i'3(5-fe^2) 

[<2(^l)>aji;3(^2)] (A.IO) 



[4l(^l),S2,3(22)] (A.11) 

K2(^i)> ^2,4(^2)] (A.12) 
= {q-q-^)5{qz2/zi) : e-(l^»')(^2|^)+6i'^ W-6i-^M+(6+c)2'3(,)+(^,+,)2,3(g2,) _^ 

[<i(^;i), 52,5(^2)] (A.13) 
= ls{q'^Z2/zi) : e-(l5^"')(^2|^)+6i''(z2)-6i^(?^2)-6i-3(z2)-6f (q^2) 

Z2 

[<2(^l)>S2,3(^2)] (A.14) 

= - q-')S{q'z2/zi) : e-(^'^^)(^2|^)+''-'^(^2)-5i^^(..2)-6^^3(,,)_,.^3(^^^) _ 

{xri(^i), 51,5(^2)} = -^C^-'^+^za/zi) : e-(^«')(^i|-^) (A.16) 

^2 

{xr2(^i), ^1,5(^2)} = -.^(g'^-iza/^i) : e-(^«')(^il-^) :, (A.17) 
^2 

Kl(^l)>S2,3(22)] = {q- q-^)5{q-^+^Z2/zi) 

X . ga^+(?^^l)-(^a2)(g'=-3zi|^)+6i3(^,_2,^)_6l,3(^fc_2,^)_^1^^2(^,_1^^^^^1^^2(^,_^ 

[x2-;2(^i), ^2,4(^2)] = -{q - q-^)5{q^-^Z2/zi) : g-^^^'^^^^l-^) :, (A.19) 

fe(^l)'«2,5(2;2)] = 7 -l\k-2 

' \q — q )q z\Z2 
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x{5{q-^+^Z2/zi) : e-^—^^ ; (A.20) 

-5{^q-^+^Z2/zi):e'+^'^^''^^-^T^'''''^^'^''~^^^^^^^^^^^ :), 
K2(^i)> 52,3(22)] (A.21) 

= {q-(f^)6{q'"z2/zi) : e"-(«^^2)-(^"')(^2lV)+''-'(^2)+6'''(9^2)-6i''(922)-6f (9Z2)+(6+c^^^^ 

K2(^i), 52,4(22)] (A.22) 

= {q-q~^)5{q^Z2/zi) : e«-(9^^2)-(5^a2)(z2|^)+6i''(^2)+6i'2(?22)-6i'^?;^2)-6?.'^9Z2)+(6+c)2.3(g2^2) 

[x73(2i), 52,3(22)] = -g((7 - g-')5(g' 22/21) (A.23) 



X . gaL(g^^2)-(^a2)(z2|^)+bL''(^2)-2feL'«(gz2)-b'_''(9^2)-6f (g22)+(fe+c)2.a(22)+(6+c)2.3(g222) 

^3(^1)^ 52,5(22)] (A.24) 
= l5(gfc^2/2i) : e"-(«^^2)-(^"')(^2l^)+''-'(-'^)+^'''(«^2)-^-'(«^^)-^-'(«-'^)+(''+^^ :, 
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[a;, 4(2:1), 52,4(22)] =q{q-q ^)6{q^Z2/zi) 



X : e 



a'_{q-^Z2)-{^a-'){z2\^)+b]l\z2)-2b]l\qZ2)-bt\qZ2)-bX\qZ2)Hb+c?'''{^^^ 



[3^1,4(^1)552,5(22)] 



(A.25) 



(A.26) 



— Kq^Z2/zi) : e"-(«^^2)-(^a2)(22|^)+6^^^2)+6l'^(?^2)-&i''(9^2)-6f (9^2)+(6+c)2.3(g2^2) . 
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